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A recent article! treated the characterization of functions which are 
odd, periodic of period 2x and such that {f(nx)} is orthonormal. We shall 
indicate here certain new results and refinements which now give a fairly 
well-integrated picture. Using methods suggested by the primary prob- 
lem, it has been possible to develop criteria for completeness of certain 
sets of functions. Full details of the proofs will be published elsewhere. 

We mention our main conventions. We use L.(0; —7, 7) to designate ~ 
odd functions in L,(—z, 7). A subsequence of the positive integers has 
a base {p,|p,a prime} if each member of the sequence is a product of powers 
of the elements of the base. The function f(x), the sequence of its Fourier 
sine coefficients {a,,} and the Dirichlet series ¢(z) = Za,n—* formed with the 
coefficients are said to be associated. The classes K, K’ and K® refer, 
respectively, to solutions for which {an} € le, {an} eh or {ap} € U, ie., 
is uniformly convergent. The same class symbols designate the associated 
functions and Dirichlet series. The term solution is used to indicate 
satisfaction of [f(mx), f(mx)] = 6n,m. A quasi elementary solution is 
defined by 


= M-*(1 + + 


where {h,} is a finite real sequence, {m,;} is an ascending sequence of integers 
22, M is proportional to the L.C.M. of the {n,} and the denominator does 
not vanish for R(z) > 0. It is easy to show that a quasi elementary solu- 
tion is a solution. 

We first remark that practically all the theorems! proved for the class 
K’' remain valid for the class KY. The reason for this is essentially that 
the Dirichlet series represents an almost periodic function for R(z) = 
and the combination properties of such functions prove sufficient to sup- 
plant the more restrictive oa epmenca of absolute convergence. Thus 
for instance: 
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Necessary and sufficient conditions that $(z) « K¥ are: (a) (2) is mero- 
morphic, (b) $(z) admits a Dirichlet expansion converging uniformly for 
R(z) = 0, (c) o(2)¢(—z) = 

It is easy to show a little more. ‘ 

If o(2) « KY then the uniform convergence abscissa of the Dirichlet series is 
to the left of R(z) = 0. 

Some of the earlier uniqueness theorems! can be sharpened considerably. 
Thus the class K’ can be replaced by K, and as comparison will show, other 
generalizations are involved as well, below. New methods of proof are 
required and mapping theorems play a central réle now. Thus as generali- 
zations of theorem 10.7 and 10.3 we have: 

If $(z) « K and (a) $(z) is uniformly continuous in R(z) > 0, (b)| (it) | = 1, 
(c) o(2) has no zeros in R(z) > 0, (d) (2) has a non-vanishing constant term 
in its Dirichlet expansion, then $(z) = 

If {a,} € K then {a,n’/C}, r > 0, cannot be in K unless C= N', N a positive 
integer, and then a, = 5n, y. 

We may show also, 

If {a,} ¢ K, a; ¥ 0, then {na,/C\|n = 2, 3, . ..} is never a member of K. 

If {a,’} and {a,"} are both non null snquences in U, then the relations 
[fi(nx), f(nx)] = 0, n,m = 1, 2, ... are incompatible. 

The proof involves a simple category argument. 

One of our key results is the following. 

If (2) « KY has a finite base, then $(z) is a quasi elementary solution. 

The general idea of the demonstration is to associate a function of several 
complex variables with the Dirichlet series. 

In this connection we cite also the following result: 

If ¢(z) « K’ has the base {h,} then replacing hy, by h, where the h,’s are not 
necessarily distinct, yields a function also in K’. 

In particular, every reduction to a finite base must therefore yield a 
quasi elementary solution. This and other internal evidence suggests that 
if ¢(z) « K’ then ¢(z) is a quasi elementary solution and hence has a finite 
base. The writer has not yet succeeded in settling whether or not this 
conjecture is true. 

Constructive examples of functions, ¢(z), in K may be exhibited for which 
R(z) = 0 is a natural boundary. This shows at once that the relation 
¢(z)¢(—z) = 1 valid for solutions in KY is not valid for general solutions 
in K. The next result is therefore of special interest. 

Necessary and sufficient conditions in order that $(2) ¢ K are that for R(z) > 
0: (a) ea < 1, (6) o(z) has a uniformly convergent Dirichlet series and 
(c)Z (aq)? = 

A Fatou argument shows that af o(z) then L, _, + it) 
exists for almost allt. The limit function is written (i). (In view of our 
preceding remark, it is clear that (7) is in general not the sum function 
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of the series Za,n-*.) Moreover ¢(z)/(!/2 — 2) converges to (it)/(#/2 — it) 
in the norm topology of Lx{.—©, ~)ass—>0+. If $(z) has a single element 
base or $(z) « K’ then |$(it)|. = 1 ae. 

There is a close relationship between our problem and some phases of 
the Watson theory of General Transforms.? Thus let H(A) =2,51,¢an~”. 

If o(z) « K and if (a) the function (tt) defined in the limit sense has its 
modulus 1 a.e., then H(dp)/p is a self reciprocal kernel in the Watson sense 
and defines a unitary transformation in L2(0, ©). 

If satisfies W: 


La,n—* is convergent for R(z) > 0, 1¢(s + it)| = O(|t|'”), s > 0, Lroe 
| | dt exists for s > 0 and (|¢(z)|2/|!/2 — el, 


©) < 

These partial inclusions become equivalences in particular cases. Thus: 

If {an}e l, or {an} has a one-element base, then a necessary and sufficient 
condition that $(z) ¢ K is that H(A) satisfies W. 

We may remark in this connection that the theory of sequences {ay} 
satisfying }°¥-oayay+x = 59, , may be shown to be isomorphic with that 
of {a,} ¢ K under the condition of a one-element base. The isomorphism 
implies a 1-1 mapping of bei setae tine sequences and a topological agree- 
ment in 

An interesting viewpoint is afforded by the following result. Let Py(z) 
denote the first N terms in the Dirichlet expansion of y(z). 

If B is the class of functions y(z) such that for R(z) > 0 the Dirichlet series 
converges uniformly and |p(z)| < |, then the function (2) for which py(z), 
N fixed, takes on a maximum value is a quasi elementary solution. 

This is a simple consequence of a result of Landau, and indeed the 
function ¥(z) is unique up to change of base. The interest of the theorem 
lies in the maximum property. Whether it extends to more general bases 
is an open question. 

We now turn to some completeness problems. As a preliminary we 
remark that following Szasz’ idea of associating the completeness problem 
with that of the zeros of certain integrals, we may gain a wide variety of 
theorems on {f(nx)} where f(x + iy) is analytic. For instance, using the 
theorem of Carlson we can easily show 

If (a) f(0) = 0, (b) f(w), w = x + ty, is a regular analytic function for 
x> 0, (c) f'(0) ¥ 0,1 = 1,2, ..., @ |f(w)| = O(exp k|w]), & < 1/2, for 
x > 0 then f(nx) is complete in L,(0, 27). 
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With each theorem of Carlson type we can associate analogous complete- 
ness theorems. We now turn to the main ideas of our work in this field. 
We write (7, j) for the L.C.M. of the integers7 and j and B,, ; for )o¢-1)abp. 

We define a minimizing sequence {C,“|n = 1, ... M} in the obvious 
way for a function F(x) ¢ L2(Z) and a given orthonormal sequence {g,(x) | 
g,(x) Lo(Z)}. In the case 


f(x) ~ sin x + sin nx (A) 


- it is easy to show 
The sequence {{(nx)} is minimal and if {C,“|n = 4. . M} ts minimizing 
for F(x) = sin x then 


|| sin x — Cyf(nx)||? = [1 — 


The term minimal implies f(x) is not in the closed linear extension of 
{f(nx)|n # N} for any N. 

If f(x) is of the form (A) where {b,|n = 2, ...}el, then a sufficient condition 
that f(nx) be complete in Lo(0; —m, m) is that 2(;5)-1|Bi, y| < 1. 


A more general result follows which involves a less perspicuous condition, 
however. 
Tf {gn(x)|n = 1, 2,...} is a complete orthonormal set in L2(E) and {h,(x)| 
hy(x) € L2(E)} is such that the Grammian of {ha(x) — ga(x)|n = 1,2, ...} has 
a bound inferior to 1 then {h,(x)} is complete in L.(E). In particular the 
completeness follows from Bar, — gi(x), hy(x) — g,(x)] > < 1. 


If f(x) is defined by (A) ieee: choosing F(x) as sin x the minimizing se- 
quences converge termwise to {d,|n = 1,2, ...}. It is readily shown that 
{d,} is defined uniquely by the requirement th at sin x— be 
orthogonal to sin jx, = 1,... M. It may be shown that the Paley- 
Wiener theorem? entails in this case that 


Ly-+«||sin x d, f(nx)|| 0. (P) 


Moreover {d,} € l. 

The next results comprehend situations for which the Paley-Wiener 
theory does not apply. Here it is possible that {a,} é J, and the relation 
in P may not be valid. 

If f(x) = sinx — sin nx, bjby 0, for some j, M, then a 
sufficient condition for completeness is that 


B,, cos t(log i — log j) $1, <t< om, (B) 


We remark that the requirement |b,b,| # 0 is essential. The strength 
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of the theorem comes from the case that equality is admitted in the main 
condition (B). 
The example 


f(x) = sin x — 1/2(sin 2x + sin 4x) 


is easily shown to give {d,} €l,. Moreover >.”_,d,f(nx) does not converge. 
Nevertheless {f(nx)} is complete in L,(0; —z, x). 

If M = in the previous theorem, the completeness assertion ‘is still 
true provided we weaken (B) by replacing the right hand side by “<1 
almost everywhere.”’ If we use the stronger restriction “‘<0, 0 < @< 1,” 
then we can guarantee {d,} € J, and Eq. (P) holds. Our method of proof 
requires the assumption {b,} « U but presumably this can be weakened 
to {ba} el. Finally, if ¢ (2) ¥ 0 in R (z) => 0 then {f(nx)} is complete. 


1 Bourgin, D. G., and Mendel, C., ‘‘Orthonormal Sets of Periodic Functions of the 
Type [f(x)],” Trans. Am. Math. Soc., 57, 332-363 (1945). 

2 Watson, G. N., ‘“‘General Transforms,’”’ Proc. Lond. Math. Soc., 35, 156-199 (1933). 

3 Paley, R. E. A. C., and Wiener, N., ‘‘Fourier Transforms in the Complex Domain,” 
Am. Math. Soc. Coll. Pub., p. 100. 


' INTRINSIC AREA 
By HERBERT BUSEMANN 
DEPARTMENT OF MATHEMATICS, SMITH COLLEGE 


Communicated November 20, 1945 


Many definitions of angle and area have been proposed for Finsler spaces. 
So far there is no criterion, according to which one definition of angle is 
more natural than the others. But there is such a criterion for area, as 
the present note will show. The corresponding definition of area is also 
new for Riemann or even Euclidean spaces. 

In spite of the many available other definitions it seems to deserve 
attention in the latter case, in particular, for surfaces in parametric form; 
because it does not use special properties of the Euclidean space or the 
spaces of constant curvature (like the existence of polyhedra or projections 
on planes); and because it depends only on the geometry on the surface. In 
differential geometry this last property has always been considered an 
indispensable attribute of area. 

The concept of a parametrized set S requires two spaces: a anes 
space P and a space R in which S lies. To describe their properties denoted 
generally by M* the (up to isometries) unique smallest complete metric 
space that contains the metric space M. It will then be required 
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(a) P ts separable and metric, and P* is arcwise connected. Points of 
P* are denoted by #, g, r, and the distance of p, g by pq. 

(8) Ris metric. x, y, z are used for points of R; xy is the distance of 
x and y. 

(y) Thereis a uniformly continuous mapping x = x(p) of Pin Rand S = 
x(P). 
The non-parametric case is the special case where the sets P and S 
coincide and x(p) = p. 

The mapping x(p) can be extended to a uniformly continuous mapping 
of P* in S*. For two given points p, g of P* let A be the set of all con- 
tinuous curves p(7) from g to r in P* and put 


x(q, 7, x(P)) = deem)! 


where \[x(p(r))] is the length of the image x(p(r)) of p(7). The function 
x satisfies the triangle inequality, but may be 0 or ~. By identifying 
points g, r with x(q, r, x(P)) = 0 new spaces P and P* are obtained from 
P and P* with the agreement that convergence in terms of x means con- 
vergence in terms of x/(1 + x) with o/(1+ ©) =1. Now the -dimen- 
sional area of S is defined as 


an(x(P)) = an(S) = ha(P, P) 


where h,(M, E) denotes the n-dimensional Hausdorff measure of the set 
Min E. (That is, all coverings C of M by an at most countable number 
of spheres S(p;, p:), with E, < are formed. Then 


E) = + 1)} int 


and E) = o, if no C exists. Finally 
h,(M, E) = lim h,(M, E).) 


If x(q, r, x(P)) = © for some pair g, 7, then it does not follow that a,(S) 
= © for all n. 

When dim P = m < ~, then a(S) is simply called the area a(S) of S. 
This agrees with the usual language in which the dimension of the param- 
eter space decides whether we talk of a curve, a surface, .... 

To deserve the name of an area a(S) must satisfy certain generally 
accepted requirements. 

1. an(x(P)) is independent of the parametrization. For obviously: 
If g — p(g) is a uniformly topological. mapping of the metric space Q on 
P and y(q) = x(p(g)) then an(y(Q)) = an(x(P)). 

2. a(S) = a(S) coincides with the arc length if S is a curve, or P = P* 
is an interval a < +r < £ of the real axis. 
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3. If aa(S) > 0, then a;(S) = © fort < n; if a(S) < © then a,(S) = 

4. For an n-dimensional polyhedron a,(S) = a(S) coincides with the 
elementary area. It is very easy to prove this in the following general 
form: 

P is an arcwise connected locally finite n-dimensional euclidean poly- 
hedron in some E” consisting of at most countably many closed n-simplices 
Q:, Q2, ... where different Q; have at most boundary points in common. 
x(p) is a continuous mapping of P in a metric space R, which is topological 
considered as mapping of a fixed Q,, and x(Q,) is congruent to a euclidean 
n-simplex S;. If u(.S;) denotes the elementary volume of S;, then a(x(P))= 


5. an(S) satisfies Kolmogoroff’s Principle* in this form: 
If y(p) is another uniformly continuous mapping of P in a metric space 
R’ and y(g)y(r) Bx(g)x(r) then 


an(y(P)) Baa(x(P)). 


The following property distinguishes a(P) from other areas, for which it 
is either hitherto unproved or false. 

6. an(S) depends only on the intrinsic geometry on the surface x(P). 
This becomes clearer in the non-parametric case. Then x(x, y) is simply 
the greatest lower bound of all curves from x to y on S or the geodesic 
distance of x and y on S. 

In Riemann spaces of class C’ the number a(S) coincides for surfaces 
of class C’ with the usual integral, moreover a(S) is for surfaces of class 
C’ the only area which satisfies the following three conditions: 

(I) a(S) is intrinsic, i.e., depends only on the geodesic distances x(q, 
r, x(P)). 

(II) a(S) satisfies Kolmogoroff’s Principle (5) for 8 = 1. 

(III) For piecewise Euclidean spaces (finite polyhedra) a(S) coincides 
with the elementary area. 

In Finsler spaces no generally accepted analytical expression for the 
area exists. But similarly as in Riemann spaces it is true that a(S) is for 
surfaces of class C’ in Finsler spaces of class C’ the only area which is in- 
trinsic (I), satisfies Kolmogoroff’s Principle for 8 = 1 (II) and is such that: 

(III’) For piecewise Minkowskian spaces a(S) coincides with the elemen- 
tary area. (There is only one natural elementary area.) 

For surfaces of class C’ in a three-dimensional Finsler space! (section 2) 
indicates a definition of area. Provided the author interprets that brief 
remark correctly, this area can be shown to coincide with ap. 

If x(P) is rectifiable, or in the present terminology, if P is the unit cube 
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of E*, R is the E" and the mapping x(p) satisfies a Lipschitz condition 
x(p)x(q) < ppg, then a(S) = a,(S) coincides with the classical integral 
and, therefore,** with the various other areas defined by Peano Lebesgue, 
Rado and Federer. For non-rectifiable surfaces the relations are mostly 
unclear. 
Proofs will be forthcoming in a comprehensive paper with the same title. 


1 Bouligand, Georges, and Choquet, Gustave, ‘“‘Problémes liés 4 des métriques varia- 
tionnelles,” C. R. Acad. Sci. Paris, 218, 696-698 (1944). 

? Federer, Herbert, ‘Surface Area I,”” Trans. Amer. Math. Soc., 55, 420-437 (1944). 

3 Hurewicz, Witold, and Wallman, Henry, Dimension Theory, Princeton, 1941. 

4 Kolmogoroff, A., ‘“‘Beitrage zur Masstheorie,” Math. Ann., 107, 351-366 (1932). 

5 Nébeling, G., ‘‘Ueber den Flacheninhalt dehnungsbeschrankter Flachen,’’ Math. 
Zeitschrift, 48, 747-771 (1943). 


THE MEAN CONVERGENCE OF ORTHOGONAL SERIES OF 
POLYNOMIALS 


By Harry 
DEPARTMENT OF MATHEMATICS, YALE UNIVERSITY 
Communicated December 6, 1945 


1. The literature concerning series of orthogonal polynomials is devoted 
chiefly to the problems of ordinary convergence and summability. The 
question of mean (or strong) convergence has apparently not been in- 
vestigated. The purpose of the present note is to announce some results 
concerning this problem. 

Stated in its most general form the problem of mean convergence is 
this. Let F(x) be an increasing function on (a, 6), with infinitely many 
points of increase; and let {p,(x)} be the associated orthonormal poly- 
nomials.1 Then for m, n = 0, 1, 2,.... 


Sa’ Pm(x)Pn(x)dF(x) = Smn- (1) 
To every suitable function f(x), there corresponds a formal expansion 
f(x) ~ 


Suppose now that f(x) belongs to Ly’, i.e., is F-measurable and f,”| f |"dF(x) 
exists as a Lebesgue-Stieltjes integral. For what values of p (other than 
2, when the result is always true) does the series (2) converge strongly to 
f(x) in the sense 


N 
lim — = 0. 
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In the language of functional analysis: for what values of p do the ortho- 
normal polynomials associated with F(x) form a basis? for Ly’? 

TueoreM 1. If F’(x) = (1 — -1 < x < 1, O then the 
associated (ultraspherical) polynomials form a basis for Ly’(—1, 1) if 


1 1 
<e<2ty (3) 
1 
but notiflS p< 2—- orp >2+y. 


Remarks on Theorem 1.—(i) If ) = 0 the result follows from M. Riesz’ 
theorem on the mean convergence of Fourier series.* (ii) If X = 1/2 
Theorem 1 establishes a conjecture (unpublished) of Zygmund that the 
Legendre polynomials form a basis for L?(—1, 1) if 4/3< p< 4. (iii) The 
limiting case A = © is interesting. If x in (1 — x*)*~’” is replaced by 
x\~”*, and then the limit taken as \ > ©, then the corresponding poly- 
nomials become those of Hermite on (— ©, ©). The formula (3) suggests 
that for these polynomials mean-convergence holds only for p = 2. This, 
and a similar result for Laguerre polynomials, can be confirmed “ suitable 


counter-examples. (iv) The end values p = 2 — 2 +> are left 


A+ 
open. 

2. If F(x) is absolutely continuous there is another interpretation of 
mean convergence. Let F’(x) = w(x). Then the functions { w'’ *(x) Dn (x) } 
form an orthonormal set in the ordinary sense; this follows from (1). 
With each function in L?(a, 6) one can associate a series 


~ 
= 


The question now is to determine when 
N 
— pals) = 0. 


In a sense this question is less ‘‘natural’”’ than that of §1 for it is only by 
virtue of the accident that F(x) is abeohutely continuous that it has mean- 
ing. The following is true. 

TueoreM 2. If w(x) = (1 — x)*(1 + 20, 
then the functions {w'/*(x)pa(«) | form a basis for L?(—1, 1) if 4/s< p< 4, 
but not if 1 S p< 4/3, orp > 4. 

Remarks on Theorem 2.—(i) The corresponding polynomials are, of course, 
those of Jacobi.‘ (ii) It is of interest to observe that the range of p is 
independent of the specific choice of a, 8. (iii) The first part of the theorem 
is true even if a > —1/2, p = —1/2; the second part is open in this more 
general case. (iv) The end values p = 4/3, 4 are open. 
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3. These two problems make somewhat heavier demands than the 
classical convergence questions on the methods of functional analysis. 
By the Banach-Steinhaus theorem® the problems can be reduced to showing 
that the norms (in the appropriate space) of the partial sums are bounded, 
i.e., if s,(f) denotes the partial sums of the series corresponding to f(x), 
then ||s,(f)||</||f|| for some positive M and all f in the space. This is 
accomplished by two devices, of which the first alone suffices for trigono- 
metrical series: M. Riesz’ theory of conjugate functions,’ and the follow- 
ing inequality. 

Lemma. —1<c< c+ 1, p > 1, and f(x) belongs to L? 
(—1, 1), then so does 

1— 
~ A —1 
x—y 


Moreover < A||f where A is independent of f. 


g(x) = F(y)dy. 


* Jewett Fellow in Mathematics. 

1 See, for example p. 24 of G. Szegé’s Orthogonal Polynomials, New York, 1939. 

2 For this use of the word “‘basis” see S. Banach, Théorie des opérations linéaires, 
Warsaw, 1932. 

3 Math. Zeit., 27, 218 (1927). 

4 Szegé, op. cit., Chapter IV. 

5 Banach, op. cit., p. 79. 


THE FUNDAMENTAL THEOREM ON QUADRATIC FIRST 
; INTEGRALS 


By T. Y. THoMAS 
DEPARTMENT OF MATHEMATICS, INDIANA UNIVERSITY 
Communicated November 26, 1945 


In the following we have shown that the set of all homogeneous quadratic 
first integrals of the differential equations of the paths of an affinely con- 
nected space admits a finite basis. The demonstration is so devised that 
the number of integrals in the basis is identical with the number of solutions 
in a fundamental system of solutions of a cert@in set of linear homogeneous 
equations; hence the determination of this number is reduced to the 
solution of an algebraic problem. __ 

A corresponding basis theorem holds for the integrals of energy type of a 
conservative dynamical system. Due to the importance of such integrals 
for the dynamical problem the proof in question has been indicated and the 
result stated in the form of a theorem. 
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It suffices for the demonstration to assume the analyticity of the various 
functions involved. But this assumption is far too drastic. The differen- 
tiability requirements should be such as to permit the construction of the 
above-mentioned system of linear homogeneous equations by which the 
number of integrals in the basis is determined. In general, however, the 
process by which this system is obtained will speedily terminate yielding 
moderate requirements of differentiability. 

Integrals in General Affine Space-—Consider the conditions under which 
the differential equations 

dx" dx” _ 

defining the paths of a general affinely connected space of symmetric affine 
connection I’, admit a homogeneous quadratic integral 


dxt 
= const. (2) 


0 (1) 


Among these various conditions we signalize the following as the basis of 
our discussion.! First, there exist relations of the form 


= — SaiAing — StaA (3) 
= SapE + Fife (4) 


where the ga,,, and the gi», are the components of the first covariant 
derivative (first extension) and second extension, respectively, of the 
tensor defined by the coefficients in (2), etc.; also the quantities Aj,, are 
the components of the first normal tensor. System (3) is an identity in 
the space. System (4) is satisfied in virtue of the fact that (2) is a quadratic 
integral. Second, there exists a sequence of sets of equations 


So = 0, Si = 0, = 0, ... (5) 


each of which is linear and homogeneous in the quantities g,; , gi, and 
tip. With coefficients which are constants or tensor invariants of the 
space. A necessary and sufficient condition for the existence of an integral 
(2) is that there is an integer NV such that the first V + 1 sets of equations 
of the sequence (5) are consistent as equations for the determination of the 
quantities g,; , gi;, and giz», and that all their solutions satisfy the (V + 
2)nd set of equations of the sequence. Third, if g¥;, gj, and gi »¢ where 
a =1,...,s ands 2 1 isa fundamental system of solutions of the first 
N + 1 sets of the sequence, the general solution of these equations is given 


by 
= » Lis = » Stig = (6) 
where a is summed over the values 1, ..., s and the ¢’s are arbitrary func- 
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tions of the x’s. A sufficient condition for (2) to be an integral is now that 
£ij = $°gi; where the ¢’s satisfy a certain completely integrable system of 
the form 


B 
+ (7) 


Assuming the above conditions for the existence of the integral (2) to 
be satisfied we can now determine s sets of functions ¢* as solutions of (7) 
by the following s sets of initial conditions 


We thus obtain s integrals (2) with g’s given by gi; where a = l, ..., S. 
Initially we have 

where the quantities on the left are the components of the tensors g* and 
their first and second extensions while the quantities on the right are the 
above fundamental system of algebraic solutions. Hence these left-hand 
quantities can be taken as a fundamental system of solutions of the first 
N + 1 sets of equations (5). We state this result as the following theorem. 

THEOREM I. [f the first N + 1 sets of equations (5) admit a fundamental 
system of s(= 1) algebraic solutions each of which satisfies the N + 2nd.set 
of these equations, then there exists s quadratic integrals 


= const., (a = ..., 5), (8) 


such that the tensors g*, which are determined by the coefficients of these 
integrals, yield a fundamental system of solutions gf;, gf)», 8fipq Of the 
first N + 1 sets of the equations. We use this fundamental system of 
solutions in the following discussion. 

The s integrals (8) are linearly independent in the sense that the equa- 
| tions ¢,g{; = 0, in which the c’s are constants, imply that c, = 0. For, it 
follows from these equations that c,g7;, = 0 and = 0; hence all 
Cz = Osince otherwise we would have a linear relation between the solutions : 
of our fundamental system. 

Now let (2) be any quadratic latent. Then 


By = » = » Ses, = (9) 
for suitable ¢’s. Hence from (3), (4) and (9) we have 


= 
(O° = — ing — O° A 


| 


_ 
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Performing the indicated differentiations in the left members of these 
equations, and using the fact that the quantities gi; (for each value of a) 
satisfy (3) and (4), it follows. that 


$9855 0, = 0, = 0. “(10) 


But (10) implies that ¢$ = 0 since otherwise there would exist a linear 
relation between the solutions of the fundamental system. Hence ¢* = 
const. Hence, 

THEOREM II. If quadratic integrals (2) of the differential equations (1) 
exist, then the s integrals (8) constitute a basis for the set of all such integrals, 
4.¢., if (2) is any quadratic integral we will have giy = C.g{;where the c’s are 
constants. 

Remark 1.—Similar theorems can be proved for linear first integrals of 
(1) on the basis of results (loc. cit., p. 591) analogous to those used in the 
proof of the above theorems for quadratic integrals. The methods are 
- general and one can conclude that corresponding theorems are true for 
homogeneous first integrals of any degree. 

Remark 2.—The above theorems on quadratic integrals apply in par- 
ticular when (1) are the differential equations of the geodesics of a Riemann 
space. In this case the I’s are the well-known Christoffel symbols and 
the basis of quadratic integrals can be considered to contain the quadratic 
integral determined by the fundamental metric tensor of the space. 

Remark 3.—For the particular class of integrals 


Gap... = const. (11) 
such that d,,...1,3 = 0 the sequence corresponding to (5) is readily con- 
structed (loc. cit., p. 585) and yields results of the type expressed by the 
above Theorems I and II. The quadratic integrals of this class are of 
especial interest from the geometrical standpoint. 

Quadratic First Integrals in Flat Space.—If the space is flat the equations 
S, = 0 for k = 1, 2, ... are satisfied identically and the set of equations 
So = 0 becomes 


= 8st» = » = = 
Hence we can take N = 1 in Theorem I and the number s of quadratic 
integrals (8) in the basis is equal to the number of algebraically independent 
quantities giy, 21» and 4,9, in the above equations. We thus find 
n(n + 1)?(n + 2) 
s= 12 ‘ 


Similar remarks apply to integrals of the type (11); we note in particular 


(12) 
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that n(n + 1)/2 is the number of linearly independent quadratic integrals 
of this type. 

It is evident that the number s given by (12) is an upper bound to the 
number of quadratic integrals in the basis for any system (1). Similarly, 
n(n + 1)/2 is an upper bound for the number of quadratic integrals of 
type (11), i., which satisfy the condition a,, , = 0. The above dis- 
cussion shows that in the case of a flat space these upper bounds are actually 
attained. 

We leave open the question of whether the existence of this maximum 
number of integrals is a sufficient condition for the space to be flat. 

Quadratic Integrals of a Dynamical System.—The differential equations 
of the trajectories of a conservative dynamical system can be written 


where V(x', ..., x”) is the potential and the I’s are Christoffel symbols 
based on the coefficients g,, of the quadratic form 


(14) 


defining the kinetic energy J. We assume that the g,, do not involve the 
time ¢ explicitly. The system (13) then admits the quadratic integral 

1 dx" dx” 
which expresses the condition that the sum of kinetic and potential energies 
is constant along any trajectory. 

It should be possible to prove theorems analogous to Theorems I and 
II for integrals of the type (15). Here, however, we prove only the finite 
basis theorem for such integrals as a cousequence of Theorem II. Thus 
consider any integral of (13) of the type (15), namely, 

5 + W = const. (16) 
The differential conditions on the quantities h,, and W for (16) to be an 
integral of (13) are readily deduced and indicate that 
dx” dx” 


is an integral of the differential equations of the geodesics, i.e., the equa- 
tions obtained from (13) by replacing the right members by zero. Hence, 
dealing only with those quadratic integrals (17) of the equations of geodesics 
which are associated with integrals (16) of (13) it now follows from the 


1 dic dx’ 
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above basis theorem for homogeneous quadratic first integrals that there 
exists a finite number of these integrals (17) in terms of which any other 
such integral can be expressed linearly with constant coefficients. In 
other words there exist s(=1) integrals 


1 dx" dx’ 


const., (a = 1,...,5), (18) 
of (13) such that if (16) is any integral of (13) we must have 
= CoS arr (19) 
where the c’s are constants. Now 
1 dx" dx” 


is an integral of (13) for any selection of the constantsc,. But if we choose 
the c’s to satisfy (19) it follows from (16) and (20) that W — c,V* = const. 
along any trajectory. Differentiating this equation with respect to ¢ 
we have (W — c,V"),sdx®/dt = 0 along the trajectory and since the 
dx®/dt can be chosen arbitrarily it follows that (W — c,V%),, = 0. Hence 


W =c,.V° +h, (21) 


where k is an absolute constant. 

We can suppose that there exists no linear relation with constant coeffi- 
cients, not all of which are zero, between the left members of (18) since 
otherwise the number s of these equations could be reduced. The set of 
integrals (18) is then said to be linearly — We state the above 
result as the following theorem. 

THEOREM III. There exists a finite panes s(21) of linearly independent 
integrals (18) of the conservative dynamical system (13) such that any other 
integral (16) 1s determined by the relations (19) and (21) in which the c’s and 
k are constants. 

The set of linearly independent integrals (18) occurring in the above 
theorem will be said to form a basis of integrals for the dynamical system. 


1 Veblen, O., and Thomas, T. Y., ‘““The Geometry of Paths,” Trans. Am. Math. Soc., 
25, 551-608 (1923). 
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1. Perspective Conformalities—We shall present some theorems on the 
perspective mapping of a surface upon a plane from a given point. In an 
earlier paper,' we have proved the following result. 

The only perspective conformalities upon a plane are Ptolemy’s stereo- 
graphic projection of a sphere (and the obvious limiting case of a parallel 
plane). 

Thus there are no surfaces except for spheres and planes, for which 
there exists a perspectivity upon a plane from a given point, which is con- 
formal. 

In our present work, we shall consider some properties of gnomic pro- 
jection of a sphere upon a plane (geodesic mapping). Also, we shall study 
surfaces for which area-preserving perspectivities exist. 

2. Perspective Representation of Geodesics—Among Kasner’s theorems 
on the problem of partial geodesic representation and the near-collineation 
problem, may be found the following proposition.” 

If there exists a point-to-point representation of a surface upon a plane such 
that more than 31 geodesics correspond to straight lines, then all geodesics 
correspond to straight lines. Therefore, by a theorem of Beltrami the surface 
ts of constant curvature. 

We shall restrict our point transformations to perspectivities. The 
condition of constant curvature for our case is only necessary but not 
sufficient. We shall discuss the following theorem. 

Characterization of gnomic projection. If more than 3! geodesics are 
projected into straight lines under a perspectivity, then all geodesics project 
into straight lines, and the surface is a sphere (or the obvious case of any plane, 
parallel or not); furthermore the point of perspectivity is at the center of the 
sphere. 

We shall deduce from our work the following classification of surfaces 
according to the number of geodesics which are projected into straight 
lines by a perspectivity. There are four distinct classes. 

(I) The non-ruled surface. At most o}, 

(II) The ruled surfaces excluding the quadrics. There are always 
1 (the rulings) and at most 2~?. 

(III) The quadrics excluding the gnomic projections of spheres. There 
are always 2! (the two systems of rulings) and at most 31, 


| 
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(IV) The gnomic projection of a sphere, and the limiting case of any 
plane. All ~% 

3. Surfaces with Plane Geodesics.—Elsewhere® we have proved the 
following result which is closely related to the above. 

The spheres are the only surfaces which possess more than 2! non-recti- 
linear plane geodesics. 

The discussion of surfaces with reference to the maximum number of 
plane geodesics, straight or not, leads to the same classification as above. 
The maximum number of plane geodesics for each class is as follows. 

(I) At most 2}, 

(II) Always ~! and at most 3}, 

(III) Always 2! and at most 4}, 

(IV) All 

4. Discussion of Our Characterization of Gnomic Projection—Let (x, 
y, 2) denote cartesian coérdinates of a point. Let z = f(x, y) be the equa- 
tion of our surface 2. Introduce the usual notation: p = 0z/dx,q = 
02/Oy; r = 072/0x?, s = 072/Oxdy, t = 0%2/dy?. 

Take the origin as the center of perspectivity and z = c + 0 as the given 
plane x. The perspectivity from the given point 0(0, 0, 0) upon the plane 
a:(X, Y, c) of the surface 2: (x, y, = f(x, y)), is 


X = cx/s, Y = cy/sz. (1) 
The jacobian 7 of this argues is 


< xp — + 0. (2) 


Observe that the surface 2 cannot be a plane through the origin, or a 
cone with vertex at the origin. 

It is found by (1) that the differential equation ii the straight 
lines of the plane 7, is 


(2 — xp — va)" = (y — xy’)(r + Qsy’ + ty’). (3) 
The geodésics of the surface = are given by the differential equation 
+ = + + sy’ + ty’). (4) 


Eliminating y’’ from (3) and (4), we find that the possible geodesics 
which are projected into straight lines satisfy either 


r+ 2sy’ + ty’? = 0, (5) 
or 


[1 + + x) — paleg + 9) = + x) + (1 + 
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For any surface where all the geodesics are projected into straight lines, 
either (5) or (6) or both, are identities in y’. These identities will demon- 
strate that any such surface 2 is either a plane in general position, or a 
sphere with center at the origin. This result can be deduced also from the 
theorem stated in Section 3. 

The classification of surfaces with reference to the number of geodesics 
which are projected into straight lines, may be deduced from the following 
observations. Firstly, if (5) represents an infinitude of geodesics, these 
must be straight lines and hence the surface is ruled. Secondly, the 
quadrics are the only ruled surfaces with two distinct systems of rulings. 
Thirdly and finally, the non-rectilinear geodesics which project into straight 
lines must satisfy (6). 

5. Surfaces for Which Area-Preserving Perspectivities Exist—By (2), 
the area formula in the plane 7, is 


Araing = ot (s —xp — yq)dxdy. (7) 


The area formula in the surface 2 is 
AreainE = f + p? + (8) 


Therefore, all surfaces for which area-preserving perspectivities exist, must 
satisfy the partial differential equation of first order 


— xp — yg)? — + p? + = 0. (9) 


All plane solutions of this equation are z = 0 (this is the singular solution), 
2 = +c, and zg = +ic. Thus the only real non-trivial plane surface for 
which an area-preserving perspectivity exists, is the plane r’:z = —c. 

It can be proved that there are no spherical surfaces which satisfy the 
partial differential equation (9); so equiareal perspectivity of the sphere is 
impossible. 

In order to study this partial differential equation of first order (9), in 
the real domain, it is found convenient to introduce the following algebraic 
surface R of revolution of the sixth degree. It is the locus of a point such 
that its distance from the point of perspectivity 0(0, 0, 0) is equal to the 
ratio of the cube of its distance from the plane m:z = 0, to the square 
of the distance c of the plane 7:2 = c, from m. The equation of this 
algebraic surface R is 


x? + y? + 2? = (10) 


This surface R has an isolated singularity at the point of perspectivity 
0, the tangent directions being on the minimal cone with vertex at 0. 
Otherwise the surface R is defined for z => candz S$ — cc. 


_ 

j 
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Note that the partial differential equation (9) may be written in the form 


(y + gz)? + (x + + (yp — xg)? — +y+2 
(l+p? + =0. (11) 


For real solutions we must have x? + y? + 2? = 2°/c4. 

In the real domain, the partial differential equation (9) is defined only in 
the region bounded by the algebraic surface R of sixth degree, which contains 
the point of perspectivity 0. Atany point P of R, there is only one real planar 
direction whose normal is the radius vector of P. 

It is found that at each point (x, y, 2), the surface elements of (9), en- 
velope the quadric cone 


(xdx + ydy + 2dz)* — (x? + y? + 2? — 26/c*) (dx? + dy" + dz”) = 0. (12) 


These quadric cones can degenerate only along our algebraic surface R. 

By Charpit’s method, the complete integrals of the partial differential equa- 
tion of first order (9), are cylinders with elements parallel and symmetrical 
to a line through the point of perspectivity, all of which are parallel to the 
plane x. The directorial curve is expressed parametrically in terms of a 
Tchebycheff integral of non-elementary character. 

The axis of the cylinders may be taken as the y-axis. The directorial 
curve is in the xz-plane and its differential equation can be written in the 


form 


Taking the inclination ¢ of the tangent line of this curve to the z-axis as 
parameter, it is found that this curve is given by the parametric equations 


2 
x = stant cos’? = sec’* tdt], (14) 


where K is a constant of integration. The integral which appears above 
may be shown to be reducible to a Tchebycheff integral. By a theorem of 
Liouville, this is found to be not expressible in terms of the elementary 
functions. 


* Presented to the American Mathematical Society, February, 1946. 

1Kasner and De Cicco, ‘‘Converse of Ptolemy’s Theorem on Stereographic Pro- 
jection,’ these PRocEEDINGS, 31, 338-342 (1945). 

2 See the following articles by Kasner: ‘“‘The Characterization of Collineations,” 
Bull. Am. Math. Soc., 9, 545-546 (1903); ‘The Problem of Partial Geodesic Repre- 
sentation,” Trans. Am. Math. Soc., 7, 200-206 (1906). 

3 Kasner and De Cicco, ‘‘A New Characteristic Property of Minimal Surfaces,” 
Bull. Am. Math. Soc., 51, 692-699 (1945). 


